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We study photonic crystal fibers and ring resonators with topological features induced by Aubry-
Andre-Harper modulations of the cladding. We find non trivial gaps and edge states at the interface
between regions with different Chern numbers. We calculate the field profile and eigenvalue disper-
sion by an exact recursive approach. Compared with conventional circular resonators and fibers,
the proposed structure features topological protection and hence robustness against symmetry-
preserving local perturbations that do not close the gap. These topological photonic crystal fibers
sustain strong field localization and energy concentration at a given radial distance. As topological
light guiding and trapping devices, they may bring about many opportunities for both fundamentals
and applications unachievable with conventional optical devices.
The seminal papers on analogs of quantum Hall effect
in optics [1, 2] boosted the research on photonic systems
described by magnetic-like Hamiltonians [3–12]. Pho-
tonic topological insulators hold great promises for appli-
cations, such as robust unidirectional propagation of light
and topological lasers [13–16], topologically protected fre-
quency combs [17], topological nanostructures[18, 19],
and quantum information processing [20–22]. Recent de-
velopments include the applications of machine learning
to design topological devices [23, 24]. Edge states with
energies lying in the bulk gaps are the leading ingredi-
ent in these applications. Edge states are localized at
the boundary between regions with diverse topological
invariants [25] as the first Chern number of the bands -
or the winding number of the gaps [26] - and are robust
against backscattering from impurities.
Nontrivial topological phases also arise in a pho-
tonic system by employing synthetic dimensions [27–
29]. An example is the Aubry-Andre-Harper (AAH)
modulation [30–33] of optical lattice parameters. One-
dimensional (1D) systems with synthetic dimensions have
the same topological features of their 2D periodic ances-
tor lattices [34, 35]. However, the application of synthetic
dimensions has been so far limited to linear geometries.
The use of AAH and similar strategies for synthetic di-
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mensions in circular, elliptical, or more complex coordi-
nates is unexplored.
In this Letter, we introduce the concept of topological
photonic crystal fibers and resonators that exploit topo-
logical features due to the AAH modulation in cylindri-
cal symmetry to guide and trap electromagnetic radia-
tion on edge states. These new optical devices support
tightly confined modes in the radial directions, protected
with respect to disorder and other perturbations, such as
bending.
Conventional circular optical waveguides and res-
onators exploit total internal reflection (TIR) with a solid
core surrounded by a lower refractive index medium, or
Bragg or photonic crystal claddings [36, 38–40]. Pho-
tonic crystal fibers (PCFs) guide light in a hollow-core by
Bragg reflection; as a result, bending losses are strongly
reduced for a large core. Reconfigurable index struc-
tures, similar to Bragg fibers, can also be obtained by
Bessel photonic lattices in bulk crystals [41]. One-way
fiber modes, protected against backscattering, in a 3D
magnetic Weyl photonic crystal, can be realized at mi-
crowave frequencies [42]. Twisting and deforming PCFs
enable the control of the angular momentum [43] and
induce optomechanical nonlinearities [44]. Hollow-core
PCFs may guide dielectric particles by radiation pres-
sure [45]. Also, the photonic bandgap mechanism allows
annular Bragg resonators [46].
Our proposal of a cylindrical photonic topological insu-
lator, sustaining edge states, is a recipe for the cladding
ar
X
iv
:1
90
9.
02
08
1v
1 
 [p
hy
sic
s.o
pti
cs
]  
4 S
ep
 20
19
2of PCFs to gain topological protection. In our configu-
ration, the core-cladding interface acts as the boundary
between two distinct topological phases: a trivial one, the
core, and a topological one, the cladding with radiative
edge states [35]. This boundary can also be attained in-
side the cladding if a radial distance ρn value divides the
cladding in two substructures with different modulations.
The structure considered has a core of dielectric con-
stant c with a radius ρ1 and a cladding given by a se-
quence of two homogeneous layers A and B characterized
by dielectric functions a and b. The center positions of
the A layers, sa wide, are given by ρ
A
n = do
[
n+ ηδHn
]
,
where δHn = cos(2piγn+φ) is the Harper modulation [30]
with γ = p/q and p and q coprime integer numbers [34];
η is a coefficient that controls the modulation strength.
The cladding is then, in the ρ direction, a periodic struc-
ture with q layers A in the unit cell and a period d = qdo,
where do is the period of the unmodulated structure
(η = 0). The phase φ, the topological parameter of
the 1D periodic modulation, varying in (0, 2pi), adiabati-
cally deforms the system and accounts for the momentum
along the second geometrical dimension of the 2D ances-
tor lattice [34, 35].
For this sequence of annular regions, the interfaces posi-
tions can be written as ρj = ρ
′
j + δ where:
ρ′j = ρ
A
b j+12 c
+ (−1)j−2b j−12 csa/2
δ = ρ1 − ρ′1 and bxc is the integer part of x.
Different methods for the analysis of structured
claddings have been proposed in the literature, ranging
from approximated ones like the method using asymp-
totic approximations of Bessel functions [47, 48], to exact
ones like the standard transfer matrix method [36]. We
choose to apply the exact recursive approach proposed by
Chew [49] to analize the bandgap structure and design
the resonator, since, casting the problem in a 2x2 ma-
trix form for the longitudinal components of the electric
and magnetic fields, allows to obtain, in a straightfor-
ward way, the complex mode frequencies. Moreover, this
recursive formalism enables us to find the modal distri-
bution in the case of an arbitrary arrangement of annular
concentric regions and so to study the effects of shallow
disorder and verify the topological protection.
We consider cylindrical coordinates and waves trav-
eling in the z-direction with propagation constant β,
so every field component has the form: ψ(ρ, ϑ, z, t) =
ψ(ρ, ϑ)ei(βz−ωt) where ω is the angular frequency.
Figure 1) schematically illustrates a) the topological
PCF, b) the topological optical resonator and c) their
radial index profile. In these systems the permittivity
depends only on the radial coordinate: (ρ) = j for
ρj−1 < ρ < ρj with ρ0 = 0. In each homogeneous cylin-
drical layer, specified by its dielectric function j , the
longitudinal field components Ejz(ρ, ϑ) and H
j
z (ρ, ϑ) are
the solutions of the equation:[
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+ (k2j −
`2
ρ2
)
]{
Ejz(ρ, ϑ)
Hjz (ρ, ϑ)
}
= 0 (1)
resonator
absolute gap
absolute
 gap
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w=cb/n
w=cb
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FIG. 1. (Color online) Schematic representation of a) the
topological PCF and b) the optical resonator. c) Piecewise
dielectric function profile for an AAH cladding with γ = 1/3,
taking on the values nc for the core, and na, nb for the
cladding. Band structure in the asymptotic limit for d) an un-
modulated and e) a modulated cladding with na = nhigh=4.6
(tellurium), nb = nlow = 1.6 (polystyrene), sa = 0.33do,
sb = 0.67do; nc=1. Filled regions represent the modes that
propagate within the multilayer cladding for TE (orange) and
TM (blue) polarization.
where l is an integer representing the angular modal
number and k2j =
ω2
c2 j − β2, with c being the speed of
light. We choose, as independent solutions of equation 1),
the Bessel J`(kjρ) and the Hankel H
(1)
` (kjρ) functions
of the first kind so that inside each homogeneous cylin-
drical layer j the field can be written as the superposi-
tion of an outgoing wave H
(1)
` (kjρ) and a standing wave
J`(kjρ) [49]:[
Ejz
Hjz
]
=
[
H
(1)
` (kjρ)
↔
I + J`(kjρ)
↔˜
Rj,j+1
]
~aj (2)
Here ~aj ≡
[
ejz
hjz
]
determines the relative amplitudes
of the electric and magnetic field components propagat-
ing outwards and
↔˜
Rj,j+1, giving the relation between the
electric and magnetic field components of the inward and
outward propagating fields, is a generalized reflection ma-
3trix with
↔˜
RN,N+1 = 0, where N is the number of layers
in the structure.
In the outermost layer N, only the outgoing wave is
present: [
ENz
HNz
]
= H
(1)
` (kNρ)
↔
TN−1,N~aN−1 (3)
while in the innermost layer, since limx→0H
(1)
` (x) =∞,
we can only have the standing wave:[
E1z
H1z
]
= J`(k1ρ)
↔˜
R1,2~a1 (4)
We observe that an outgoing wave in region j+1 is a
consequence of the transmission of an outgoing wave in
region j plus the reflection of a standing wave in region
j+1:
~aj+1 =
↔
T j,j+1~aj +
↔
Rj+1,j
↔˜
Rj+1,j+2~aj+1
Moreover a standing wave in region j is the result of an
outgoing wave in region j plus a standing wave in region
j+1:
↔˜
Rj,j+1~aj =
↔
Rj,j+1~aj +
↔
T j+1,j
↔˜
Rj+1,j+2~aj+1
As a consequence recursive relations can be obtained for
the reflection matrices:
↔˜
Rj,j+1 =
↔
Rj,j+1+
+
↔
T j+1,j
↔˜
Rj+1,j+2
(
↔
I − ↔Rj+1,j
↔˜
Rj+1,j+2
)−1 ↔
T j,j+1 (5)
and the field amplitudes:
~aj+1 = (
↔
I − ↔Rj+1,j
↔˜
Rj+1,j+2)
−1↔T j,j+1~aj (6)
for a N-layer cylinder [49]. The generalized reflection ma-
trix, eq. 5), includes the effects of reflections and trans-
missions at all the layers beyond the j-th one. With
this equation and starting from the outermost, one can
find the reflection and transmission matrices for all the
N layers; then, starting from the innermost layer, the
field can be recursively described, through eq. 6), in the
whole structure. For the first interface, between core and
cladding, the boundary conditions read:
J`(k1ρ1)
↔˜
R1,2~a1 =
[
H
(1)
` (k2ρ1)
↔
I + J`(k2ρ1)
↔˜
R2,3
]
~a2
↔
J `(k1ρ1)
↔˜
R1,2~a1 =
[
↔
H
(1)
` (k2ρ1)
↔
I +
↔
J `(k2ρ1)
↔˜
R2,3
]
~a2
(7)
where ~a2 = (
↔
I − ↔R2,1
↔˜
R2,3)
−1↔T 1,2~a1 and:
↔˜
R1,2 =
1
J`(k1ρ1)[
H
(1)
` (k2ρ1)
↔
I + J`(k2ρ1)
↔˜
R2,3
](
↔
I − ↔R2,1
↔˜
R2,3
)−1 ↔
T 1,2
(8)
The boundary conditions, described in the Appendix A,
for the fields at ρ = ρj between two adjacent cylindrical
layers ”j” and ”j+1”, determine the reflection and trans-
mission matrices
↔
Rj,j+1 and
↔
T j,j+1.
Guided modes, defined as the nontrivial solutions that
exist without the need for an external excitation, can be
found requiring that the reflection matrix have an infi-
nite determinant.
The guidance condition, given for a two layer structure
in Appendix B, for an N-layer fiber can be obtained from
the generalized reflection matrix in eq. 8), and reads:
det
(
↔
I − ↔R2,1
↔˜
R2,3
)
≡ f(ω, β) = 0 (9)
The solutions of eq. (9), giving rise to a set of complex
(ω, β) states with either real frequency or real wave vec-
tor, are the allowed modes of the fiber.
Unlike Bragg guiding fibers, the core-cladding interface
acts as the boundary between two distinct topological
phases: a trivial one, the core, and a topological one, the
cladding with radiative edge states [35], here described
in the complex ω representation [50] where the real part
is the modal resonance frequency while the imaginary
part is the decay rate accounting for the modal loss [51].
This description is equivalent [52] to the one with real
frequency and complex propagation constant β, with the
imaginary part of β providing the radiative decay of the
leaky modes [36, 37].
Due to the periodic cladding structuring in the ra-
dial direction, our topological PCF shows a gapped
spectrum. It can not be analyzed in the framework
of the Bloch theorem due to the fact that, for radi-
ally depending dielectric functions, the operator O =[
− 1ρ(ρ) ∂∂ρ
(
ρ
µ(ρ)
∂
∂ρ
)
+ `ρ2(ρ)µ(ρ)
]
is not invariant under
translations. However, as detailed in Appendix C, one
can always identify, in the cladding, a ρn value such that
for ρ > ρn, the structure shows gaps converging to that
of a planar structure with the same Harper modulation.
For a cladding consisting of alternating layers of high
(na = nhigh) and low (nb = nlow) refractive indeces,
Fig.1, d) and e), show the one-dimensional gaps and
bands, in the asymptotic limit, obtained through the
transfer matrices (eq.s C9 and C10): d) shows the case
of a periodic unmodulated cladding (η = 0) while e) in-
cludes the Harper modulation. This modulation adds
additional gaps where we expect to find guided modes
as well as the edge states; the gap dependence on the
shifted phase χ = φ+ pi2 (2γ − 1) is shown in Fig. 2a) for
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FIG. 2. a) Band structure, for TE polarization, in the asymp-
totic limit for a modulated cladding as a function of χ and β.
b), c), d) Winding numbers of the reflection coefficient for the
three gaps.
the case of TE polarization, in the adimensional energy
range (0.41,0.58).
Both the plots in Fig. 1 and Fig. 2 are obtained through
the quantity 2ξ = −Tr[T (ω, β, χ)], involving the trace
of the transfer matrix T (ω, β, χ) in the asymptotic limit,
allowing one to locate the cladding gaps in the regions
where ξ2 > 2.
To take into account the finite value of the core radius ρ1,
affecting the actual position of the allowed modes, gaps
(|R˜1,2|2 = 1) and bands (|R˜1,2|2 < 1) of the system can
be equally well located through the map of the reflectiv-
ity modulus |R˜1,2(ω, β, χ)|2. The generalized reflectivity,
R˜1,2(ω, β, χ), at the core-cladding interface also allows to
define the nature of the gaps [50].
In Figs. 2 b), c) and d) we show, for the three dif-
ferent gaps of Fig. 2 a), the topological invariants given
as the winding numbers wi of the reflection coefficient,
i.e. the extra phase acquired by the reflectivity when χ
varies in the range (−pi, pi) while ω remains inside the
gap. A nonzero winding number corresponds to a topo-
logically nontrivial sample and is tied to the existence
of topological edge states. So, as indicated in Fig. 2a),
unlike the upper one, the two lower gaps are nontrivial.
Moreover, through the reflectivity poles, edge state dis-
persions can be calculated. The one in the lower gap is
shown in Fig. 3a) as a blue curve, bridging the bandgap
in a given (χ, β) range.
Figs. 3b) and c) show the reflectivity map for TE po-
larization in the plane (Re(ω), χ) (b)) and in the plane
(Re(ω), β) (c)) for a structure with the same parame-
ters of Fig.2 but a finite core radius ρ1 = 2do. In this
figure topological edge states are clearly seen: their real
part Re(ω) i shown as a dotted curve in the gap while
Im(ω) ≈ 10−2Re(ω).
Their hallmark property of immunity to backscatter-
ing owing to topological protection is verified by intro-
ducing disorder in our structure as a randomized per-
turbation of the A layers center positions. In this case
ρAn = do(n + η(δ
H
n + σξn)), where ξn are random vari-
ables chosen in the range (-1,1), while σ is the disorder
strength. Fig. 3d) shows the frequency variation of a spe-
cific mode for two realizations of increasing random disor-
der; it proves that it is nearly unaffected due to the topo-
logical protection, even for large perturbations (σ ' 0.5).
The different behavior for the two realizations is mainly
due to the lattice pitch variation with disorder strenght:
for the orange curve the lattice pitch increases while for
the blue one the pitch decreses. As a consequence the
whole spectrum shift to higher(lower) energies for de-
creasing(increasing) pitch. Curves for different core ra-
dius values show unnoticeable differences since the mode
frequencies mainly depend on the cladding features.
Figure 4 displays, as an example, the normalized E-
field pattern corresponding to the edge mode for χ = 0.8pi
and β = 0.1(2pi/do), ω(2pic/do) = 0.452+0.6∗10−2i. This
l = 0 mode, unlike TIR or bandgap PCFs, is strongly
localized at the boundary between core and cladding.
We theoretically studied topological band structures
and edge-localized resonances in a cylindrical geometry
with AAH modulation of the refractive index. A rigor-
ous recursive approach - with no approximation - reveals
edge modes with topological dispersion in the gapped
spectrum. These edge states are robust to disorder and
strongly localized in the radial direction. Optical fibers
with topologically protected states open many new per-
spectives in the transmission of information for classi-
cal and quantum applications. The resilience to ex-
ternal perturbations enables low-loss transport, quan-
tum transport of non-classical states, and low-threshold
topological-fiber-lasers. Future directions also include
the study of topological eigenmodes with angular mo-
mentum for multilevel signals, the study of the interplay
between the Berry phase in twisted fibers and Chern
numbers in synthetic dimensions, topological ring res-
onators for frequency comb generation, and linear and
nonlinear metasurfaces by single and coupled resonators
with radial Harper modulations. Hollow-core fibers can
accelerate dielectric and metallic particles; the way topo-
logical physics alters radiation-pressure and related phe-
nomena - as optomechanical nonlinearities - is a new re-
search direction. We also envisage many new physical
phenomena when considering multimodal optical fibers
with topologically protected states.
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FIG. 3. Reflectivity map and edge states for TE polarization a) in the asymptotic limit and the exact solution for b) β =
0.1(2pi/do) and c) χ = 0.8pi. In b) and c) the results are for a finite cladding with 13 unitary cells: the minimum number to
make the gaps converging to the periodic case. d) Edge mode for β = 0.1(2pi/do) and χ = 0.8pi as a function of the disorder
strength for two realizations of disorder: the orange(blu) curve is for a system with an increasing(decreasing) normalized period,
d/do.
a)
b)
1
0
FIG. 4. TE edge mode normalized field profile for the topolog-
ical PCF described in Fig. 1 for χ = 0.8pi and β = 0.1(2pi/do).
The dashed red line in b) marks the boundaries of the core
region.
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Appendix A: Boundary conditions
The boundary conditions for the fields at ρ = ρj be-
tween two adjacent cylindrical layers ”j” and ”j+1”, de-
termine the reflection
↔
Rj,j+1 and transmission
↔
T j,j+1 ma-
trices. These conditions require the continuity of the
longitudinal (Ejz , H
j
z ) components and of the transverse
ones:
Ejϑ =
i
k2j
(
ωµ
∂Hjz
∂ρ
− β
ρ
∂Ejz
∂ϑ
)
Hjϑ =
i
k2j
(
−ωε∂E
j
z
∂ρ
− β
ρ
∂Hjz
∂ϑ
)
(A1)
that, trough eq. 2 and 3, can be written as:[
Hjϑ
Ejϑ
]
=
[
↔
H
(1)
` (kjρ) +
↔
J `(kjρ)
↔
Rj,j+1
]
~aj (A2)
[
Hj+1ϑ
Ej+1ϑ
]
=
↔
H
(1)
` (kj+1ρ)
↔
T j,j+1~aj (A3)
where
↔
B`(kjρ) =
1
k2jρ
[
iωεjkjρB
′
`(kjρ) −`βB`(kjρ)−`βB`(kjρ) −iωµjkjρB′`(kjρ)
]
(A4)
with B`(kjρ) = H
(1)
` (kjρ), J`(kjρ).
Moreover: Ejρ =
i
k2j
(
−ωµρ ∂H
j
z
∂ϑ − β ∂E
j
z
∂ρ
)
and Hjρ =
i
k2j
(
ωε
ρ
∂Ejz
∂ϑ − β ∂H
j
z
∂ρ
)
.
For the case of an outgoing wave incident from medium j
on the boundary at ρj , from the continuity of (E
j
z , H
j
z ),
we have:[
H
(1)
` (kjρj)
↔
I + J`(kjρj)
↔
Rj,j+1
]
~aj = H
(1)
` (kj+1ρj)
↔
T j,j+1~aj
(A5)
while, from the continuity of (Ejϑ, H
j
ϑ):[
↔
H
(1)
` (kjρj) +
↔
J `(kjρj)
↔
Rj,j+1
]
~aj =
↔
H
(1)
` (kj+1ρj)
↔
T j,j+1~aj
Since ~aj is nonzero we have:
H
(1)
` (kjρj)
↔
I + J`(kjρj)
↔
Rj,j+1 = H
(1)
` (kj+1ρj)
↔
T j,j+1
↔
H
(1)
` (kjρj) +
↔
J `(kjρj)
↔
Rj,j+1 =
↔
H
(1)
` (kj+1ρj)
↔
T j,j+1
6that can be solved to find
↔
Rj,j+1 and
↔
T j,j+1:
[
H
(1)
` (kj+1ρj)
↔
J `(kjρj)− J`(kjρj)
↔
H
(1)
` (kj+1ρj)
]
↔
Rj,j+1 =
= H
(1)
` (kjρj)
↔
H
(1)
` (kj+1ρj)−H(1)` (kj+1ρj)
↔
H
(1)
` (kjρj)
(A6)
↔
Rj,j+1 =
=
↔
D
−1
j,j+1
[
H
(1)
` (kjρj)
↔
H
(1)
` (kj+1ρj)−H(1)` (kj+1ρj)
↔
H
(1)
` (kjρj)
]
↔
T j,j+1 =
↔
D
−1
j,j+1
[
↔
J `(kjρj)H
(1)
` (kjρj)− J`(kjρj)
↔
H
(1)
` (kjρj)
]
(A7)
where
↔
Dj,j+1 = H
(1)
` (kj+1ρj)
↔
J `(kjρj)− J`(kjρj)
↔
H
(1)
` (kj+1ρj)
(A8)
Analogously one can find the reflection and transmission
matrices of a standing wave incident from the medium
j+1 on the boundary ρj as:
↔
Rj+1,j =
↔
D
−1
j,j+1[
J
(1)
` (kjρj)
↔
J
(1)
` (kj+1ρj)− J (1)` (kj+1ρj)
↔
J
(1)
` (kjρj)
]
↔
T j+1,j =
↔
D
−1
j,j+1[
↔
J `(kj+1ρj)H
(1)
` (kj+1ρj)− J`(kj+1ρj)
↔
H
(1)
` (kj+1ρj)
]
(A9)
The function identities:
B
′
`(x) = ±B`∓1(x)∓
`
x
B`(x) (A10)
can be used to calculate the Wronskian of the Hankel
functions, H
(1)
` (x)J
′
`(x)−J`(x)H(1)
′
` (x) = − 2ipix , and sim-
plify the expression for
↔
T j,j+1.
Moreover the recurrence relations:
2B
′
`(x) = B`−1(x)−B`+1(x)
2 `xB`(x) = B`−1(x) +B`+1(x)
(A11)
allow to rewrite eq. A4 in the form:
↔
B`(kjρ) =
i
2
[
B`−1(kjρ)
↔
M +B`+1(kjρ)
↔
M
−1]
(A12)
where
↔
M = 1kj
[
ωεj iβ
iβ −ωµj
]
is a matrix with determi-
nant 1, independent on ` and ρ.
Appendix B: Guided waves and edge modes
Guided modes, defined as the nontrivial solutions that
exist without the need for an external excitation, can be
found requiring that the reflection matrix have an infi-
nite determinant.
For a two layer fiber they are found by imposing
det(
↔
D1,2) = 0. This follows from eq. A7 and for each
` value there will be m modes due to the periodic nature
of the Bessel functions.
The corresponding eigenfunctions are:[
H
(1)
` (kjρj) + J`(kjρj)R11 −H(1)` (kj+1ρj)T11
]
eoz =
=
[
H
(1)
` (kj+1ρj)T12 − J`(kjρj)R12
]
hoz[
J`(kjρj)R21 −H(1)` (kj+1ρj)T21
]
eoz =
=
[
H
(1)
` (kj+1ρj)T22 −H(1)` (kjρj) + J`(kjρj)R22
]
hoz
(B1)
1) eoz =
[
H
(1)
` (k2ρ1)T12 − J`(k1ρ1)R12
]
hoz =
[
H
(1)
` (k1ρ1) + J`(k1ρ1)R11 −H(1)` (k2ρ1)T11
]
2) eoz =
[
H
(1)
` (k2ρ1)T22 −H(1)` (k1ρ1) + J`(k1ρ1)R22
]
hoz =
[
J`(k1ρ1)R21 −H(1)` (k2ρ1)T21
]
(B2)
When ` = 0, modes are decoupled and can be classi-
fied as either transverse electric, TE (2) with hz = 0, or
transvers magnetic, TM (1) with ez = 0.
For any mode a cutoff frequency is defined as the min-
imum frequency to have a positive β2 = ω
2
c2 εj − k2j value
i.e. a propagating wave.
Appendix C: Asymptotic analysis of the cladding
The design of the topological fiber can be done through
an asymptotic approach [47] that allows to analyze both
guided and edge modes.
If we use the asymptotic expressions for kρ→∞ for the
Bessel functions to describe the cladding, we can write
the fields of eq. 2) in the form:[
E1z
H1z
]
= J`(k1ρ)~a1 for 0 < ρ < ρ1
[
Ejz
Hjz
]
= 1√
kjρ
[
eikj(ρ−ρj−1)~aj + e−ikj(ρ−ρj−1)~bj
]
ρ > ρ1
(C1)
In particular in this limit we can write:[
Ejz , H
j
z , E
j
θ , H
j
θ
]T
=
↔
M j
[
~aj ,~bj
]T
where, for j 6= 1:
↔
M j(ρ) =
[ ↔
A`j
↔
B`j
↔
C`j
↔
D`j
]
(C2)
7with:
↔
Aj(ρ) =
1√
kjρ
eikj(ρ−ρj−1)
↔
I
↔
Bj(ρ) =
1√
kjρ
e−ikj(ρ−ρj−1)
↔
I
↔
Cj(ρ) =
eikj(ρ−ρj−1)
2k2jρ
√
kjρ
[
2`β iωµ(2ikjρ− 1)
−iωj(2ikjρ− 1) 2`β
]
↔
Dj(ρ) =
e−ikj(ρ−ρj−1)
2k2jρ
√
kjρ
[
2`β −iωµ(2ikjρ+ 1)
iωj(2ikjρ+ 1) 2`β
]
(C3)
The boundary conditions at the interface between two
adjacent layers (j,j+1) at ρ = ρj then give:[
~aj+1
~bj+1
]
=
↔
M
−1
j+1(ρj)
↔
M j(ρj)
[
~aj
~bj
]
≡ ↔F (ρj)
[
~aj
~bj
]
(C4)
where, given:
↔
∆j(ρj) =
2ω
kj+1
√
kj+1ρj
[
0 µ
−j+1 0
]
(C5)
and
↔
Xj =
↔
∆
−1
j
↔
Cj+1
↔
A
−1
j+1 we have:
↔
F (ρj) = (↔A−1j+1 + ↔Xj)↔Aj − ↔∆−1j ↔Cj (↔A−1j+1 + ↔Xj)↔Bj − ↔∆−1j ↔Dj
↔
∆
−1
j (
↔
Cj −
↔
Cj+1
↔
A
−1
j+1
↔
Aj)
↔
∆
−1
j (
↔
Dj −
↔
Cj+1
↔
A
−1
j+1
↔
Bj)

(C6)
↔
F (ρj) is a block matrix that can be decomposed in a sum
of an asymptotic contribution
↔
F
∞
and a term for ρ finite,
↔
F
<
,
↔
F (ρj) =
[ ↔
F 11
↔
F 12
↔
F 21
↔
F 22
]
≡ ↔F
<
+
↔
F
∞
where:
↔
F
<
11(ρj) =
eikj`j
√
kj+1
4ρjkj+1
√
kj
 −i(1− k
2
j+1j
k2j j+1
) −2`βωj+1 (1−
k2j+1
k2j
)
2`β
ωµ (1−
k2j+1
k2j
) −i(1− k
2
j+1
kj
2
)

↔
F
<
12(ρj) = e
−2ikj`j↔F
<
11
↔
F
<
21(ρj) = −
↔
F
<
11
↔
F
<
22(ρj) = −
↔
F
<
12
(C7)
and:
↔
F
∞
11(ρj) =
√
kj+1
2
√
kj
eikj`j
[
1 +
kj+1j
kjj+1
0
0 1 +
kj+1
kj
]
↔
F
∞
12(ρj) =
√
kj+1
2
√
kj
e−ikj`j
[
1− kj+1jkjj+1 0
0 1− kj+1kj
]
↔
F
∞
21(ρj) =
√
kj+1
2
√
kj
eikj`j
[
1− kj+1jkjj+1 0
0 1− kj+1kj
]
↔
F
∞
22(ρj) =
√
kj+1
2
√
kj
e−ikj`j
[
1 +
kj+1j
kjj+1
0
0 1 +
kj+1
kj
]
(C8)
FIG. 5. (Color online) Transfer matrix decomposition.
This decomposition allows us to identify, in the cladding,
a ρ value, ρn, such that for ρ > ρn, we can retain in the
↔
F matrix only the
↔
F
∞
terms. In this case the matrix in
eq. C6 simplifies, no more depends on the ρj coordinate
and allows to separate the two polarizations TE:
↔
F te =
√
kj+1
2
√
kj
[
eikj`j (1 +
kj+1
kj
) e−ikj`j (1− kj+1kj )
eikj`j (1− kj+1kj ) e−ikj`j (1 +
kj+1
kj
)
]
(C9)
and TM:
↔
F tm =√
kj+1
2
√
kj
[
eikj`j (1 +
kj+1j
kjj+1
) e−ikj`j (1− kj+1kj
j
j+1
)
eikj`j (1− kj+1jkjj+1 ) e−ikj`j (1 +
kj+1
kj
j
j+1
)
]
(C10)
The same is true for the transfer matrix on the single
period of the cladding, so that we can define the
↔
Ste and
↔
Stm matrices and obtain the gaps of the cladding by the
half-trace xte/tm =
1
2Tr(
↔
Ste/tm) of the transfer matrix.
So, given the decomposition
↔
F (ρj) =
↔
F
<
+
↔
F
∞
and a
structure with N layers, we have:
[
~aN+1
~bN+1
]
=
∏N−n−1
i=0
↔
F
∞
(ρN−i)
[
~an+1
~bn+1
]
≡ ↔Λ
∞
n
[
~an+1
~bn+1
]
[
~an+1
~bn+1
]
=
∏n−2
i=0
↔
F (ρn−i)
[
~a2
~b2
]
≡ ↔Λn
[
~a2
~b2
]
(C11)
Obviously, if the cladding region between n+1 and N is
composed of p periods,
↔
Λ
∞
n =
↔
S
p
.
The last condition is at the core-cladding interface, ρ =
8ρ1, between the exact solution in the core:
 E
1
z
H1z
E1θ
H1θ
 =
 J`(k1ρ) 00 J`(k1ρ)−`βJ`(k1ρ)/(k21ρ) −iωµJ ′`(k1ρ)/k1
iωε1J
′
`(k1ρ)/k1 −`βJ`(k1ρ)/(k21ρ)
~a1
(C12)
and the asymptotic one in the cladding.
It reads:
↔
M1(ρ1)~a1 =
↔
M2(ρ1)
[
~a2
~b2
]
(C13)
From eq. C11 we have:
[
~aN+1
~bN+1
]
=
↔
Λ
∞
n
↔
Λn
↔
M
−1
2
↔
M1~a1 (C14)
where:
↔
M1 =
 J`(k1ρ1) 00 J`(k1ρ1)−`βJ`(k1ρ1)/(k21ρ1) −iωµ1J ′`(k1ρ1)/k1
iωε1J
′
`(k1ρ1)/k1 −`βJ`(k1ρ1)/(k21ρ1)

(C15)
If we consider that ~bj =
↔˜
Rj,j+1~aj and that
↔˜
RN,N+1 = 0
then eq. C13 gives four equations in the four variables
(e1z, h1z, e2z, h2z) while eq. C14 allows to determine the
propagation constant β and the field distribution of
guided modes.
For modes with ` = 0 we notice that also the component
for ρ finite,
↔
F
<
, of the transfer matrix is block diagonal-
ized into 2x2 matrices and, as expected, the polarizations
are not coupled.
We can rewrite eq. C14 in the form:[
~aN+1
~bN+1
]
=
↔
Ξ~a1 (C16)
where
↔
Ξ is a 4x2 matrix, so that the condition for the TE
guided modes is Ξ31 = 0 and for the TM modes Ξ42 = 0.
The conditions ae(N+1) = Ξ11ae1 and ah(N+1) = Ξ41ah1
allow to determine the fields in the whole structure. Nor-
malizing the fields to the core amplitudes ae1 = 1 or
ah1 = 1 we have ae(N+1) = Ξ11 and ah(N+1) = Ξ41.
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